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Abstract
In this paper, we derive Lorentz force and Maxwell’s equations on
kappa-Minkowski space-time up to the first order in the deformation pa-
rameter. This is done by elevating the principle of minimal coupling to
non-commutative space-time. We also show the equivalence of minimal
coupling prescription and Feynman’s approach. It is shown that the mo-
tion in kappa space-time can be interpreted as motion in a background
gravitational field, which is induced by this non-commutativity. In the
static limit, the effect of kappa deformation is to scale the electric charge.
We also show that the laws of electrodynamics depend on the mass of the
charged particle, in kappa space-time.
1 Introduction
Quantum gravity effects are expected to lead to space-time uncertainties [1] at
Planck scale. Non-commutative geometry provides a natural way to incorpo-
rate this microscopic structure of space-time. κ-deformed space-time [2, 3] is
a prototype of the Lie algebraic type noncommutative spacetime, fuzzy sphere
being the well known example of this family [4, 5]. The κ-deformed space-time
is known to emerge naturally in the low energy limit of certain quantum grav-
ity models. It is also the space-time associated with doubly special relativity
[6, 7, 8]. In recent years, algebraic structure and symmetries of κ-space-time
have been investigated in detail [9, 10, 11].
Generically field theory models on non-commutative space-time do have
highly non-local and non-linear interactions, and are characterized by an inter-
dependence of high and low energy behaviour, known as UV/IR mixing, which
had been studied in detail in field theory models on Moyal spacetime as well
as on κ spacetime [12]. In non-commutative space-times, Lorentz symmetry, in
the usual sense is broken, but it is shown that this symmetry can be retained
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by a Hopf algebra approach [13]. Thus, the conventional notions of field quanta
can be generalized to non-commutative field theories. Following these devel-
opments, field theory models on κ-deformed space-time have been constructed
and studied [14, 15]. Investigations, trying to obtain bounds on κ deformation
parameter using experimental and observational results are being carried out in
last couple of years [16, 17, 18, 19].
Construction and study of U(1) gauge theory on κ-space-time using star
product approach was taken up in [20]. Using Feynman’s approach, Maxwell’s
equations on κ-space-time was obtained in [21].
In Feynman’s approach, starting with Newton’s equation of motion and as-
sumed (quantum) commutators between coordinates and velocities, one derives
the homogeneous Maxwell’s equations by the repeated application of Jacobi
identities [22]. This method has been generalized to relativistic case in [23]. It
has also been shown that the quantum mechanical particle consistently interact
with scalar, gauge, and gravitational fields only. In the commutative space-time,
it is known that the results obtained by Feynman’s approach and minimal pre-
scription are equivalent [22, 24]. Feynman’s approach has been generalized to
obtain inhomogeneous Maxwell’s equation in [25] and various other aspects of
this method has been studied in [26]. In recent times, this method has been used
to obtain Maxwell’s equation in Moyal space time also [27]. In [24], it was shown
that by assuming the minimal coupling of gauge field and the ensuing relation
between kinetic and conjugate momenta, one can derive Lorentz force equation
and Maxwell’s equations. In this way, one can work with Poisson brackets rather
than (quantum) commutators in the Feynman’s approach. Thus, this approach
of [24] allows to take a classical limit of the obtained equations, in a proper
fashion.
In this paper, we generalize a variant of Feynman’s approach [24] to κ-space-
time and derive the deformed Maxwell’s equations and force equation valid up
to 1st order in deformation parameter. In our approach, we do power series
expansion of the non-commutative coordinates, momenta, as well as functions
of non-commutative coordinates and momenta in terms of commutative coordi-
nates, momenta and deformation parameter (keeping terms up to the 1st order
in deformation parameter). We also exploit the generalization of minimal cou-
pling prescription to κ-space-time in our calculations.
This paper is organized as follows. In the next section, we briefly recall the
Feynman’s approach using minimal prescription [24]. Here we show, how the
force equation as well as all the Maxwell’s equations can be derived. Our main
results are presented in section 3. In subsection 3.1, we discuss the derivation
of force equation on κ space-time for a electrically neutral particle. The force
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equation we obtain here is valid up to first order in the deformation parameter
a. In subsection 3.2, we derive the Lorentz force equation and in subsection 3.3,
Maxwell’s equation for a charged particle in κ-space-time is obtained. Here also,
all equations derived are valid up to first order in the deformation parameter
a. In subsection 3.4, we discuss the natural realization of the coordinates of
κ-space-time and obtain the Maxwell’s equation in this realization. Finally we
conclude with discussion in section 4.
We work with ηµν = (+,−,−,−).
2 Minimal Coupling and Feynman’s approach to
Electrodynamics
We start with the same basic assumptions as those in Feynman’s approach
[22, 23, 24]. The coordinates of a relativistic particle in 4-D Minkowski space-
time is described by xµ(τ), (µ = 0, 1, 2, 3), where τ is a parameter, and they
satisfy the following commutation relations
[xµ(τ), xν (τ)] = 0, [xµ(τ), x˙ν (τ)] = − i
m
ηµν , (1)
where x˙µ =
dxµ
dτ . Newton’s equation is also assumed
Fµ(x, x˙) = mx¨µ. (2)
We introduce kinetic momentum πµ = mx˙µ, so that we have
[xµ, πν ] = −iηµν , (3)
and we can write πµ(τ) explicitly as
πµ = pµ − eAµ(x), (4)
where eAµ(x) is, for now, arbitrary function of x, and pµ(τ) is canonical mo-
mentum satisfying
[pµ, pν ] = 0, [xµ, pν ] = −iηµν (5)
This is the principal of minimal coupling [24]. It is obvious that with Fµ =
dpiµ
dτ ,
and taking the derivative with respect to τ of Eqn.(3) one gets the following
relations
[xµ, Fν ] = − 1
m
[πµ, πν ], [πµ, πν ] = −ieFµν(x), (6)
where Fµν = ∂µAν − ∂νAµ. Because of (5) we have useful identities
[xµ, f(x, p)] = −i ∂f
∂pµ
, [pµ, f(x, p)] = i
∂f
∂xµ
. (7)
3
Here (and from now on) we take the ordering prescription where x is put always
on the left, and p on the right. Force Fµ(x, x˙) can be understood as a function
of x and p, that is Fµ(x, p), and this is important because we only know how
to integrate over commuting variables. So, using (7) we can now integrate (6)
over pµ and get
Fν =
e
m
Fνµp
µ + G˜ν(x), (8)
where G˜ν(x) is a function of x and we have use the prescription that p goes to the
right (for constructing hermitian operators we can symmetrize xp→ 12 (xp+px)
). Now, using the definition of kinetic momentum πµ = mx˙µ, relation (4), and
defining Gµ(x) = G˜µ(x) +
e2
mFµνA
ν we get the Lorentz force
Fµ = Gµ(x) + eFµν x˙
µ. (9)
In the minimal coupling approach all the Jacobi identities are satisfied by con-
struction, i.e.,
[xµ, [xν , xρ]] + [xν , [xρ, xµ]] + [xρ, [xµ, xν ]] = 0,
[xµ, [xν , πρ]] + [xν , [πρ, xµ]] + [πρ, [xµ, xν ]] = 0,
[xµ, [πν , πρ]] + [πν , [πρ, xµ]] + [πρ, [xµ, πν ]] = 0,
[πµ, [πν , πρ]] + [πν , [πρ, πµ]] + [πρ, [πµ, πν ]] = 0
(10)
The first two Eqn. in (10) are trivially satisfied, the third is in Feynman’s
approach equal to the statement that Fµν is a function of x and the fourth
yields homogeneous Maxwell Eqn.
∂µFνρ + ∂νFρµ + ∂ρFµν = 0. (11)
If we take (9) as a definition of Gµ(x) it is straight forward to see
[πµ, Gν ]− [πν , Gµ] = 0, ∂µGν − ∂νGµ = 0, (12)
which means that Gµ = ∂µφ(x). We can conclude that minimal coupling and
Feynman’s approach are in complete correspondence. From the definition of the
commutator we can show that
[πν , [πµ, [π
µ, πν ]]] = 0, (13)
and by defining
[πµ, [π
µ, πν ]] = ejν , (14)
we get
[πν , j
ν ] = 0, ∂µj
µ = 0. (15)
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Thus we see that jµ(x) is the conserved current, and by definition Eqn.(14)
gives the inhomogeneous Maxwell’s equations.
∂µF
µν = jν . (16)
Now we have the complete set of Maxwell equations which are covariant and we
recognize Aµ(x) as a gauge field, and e as an electric charge of a particle.
3 κ-deformed Electrodynamics
3.1 e = 0 case
Minimal coupling approach seems natural for exploring non-commutative spaces,
all it takes is to substitute xµ → xˆµ, where [xˆµ, xˆν ] 6= 0. We will consider a
class of non-commuting spaces, the so called κ-Minkowski space-time, which are
defined by
[xˆµ, xˆν ] = i(aµxˆν − aν xˆµ), (17)
where aµ is the deformation parameter and xˆµ is a non-commuting coordinate
operator. In the case when a→ 0, we have [xˆµ, xˆν ]→ 0, that is xˆµ → xµ, so we
take a perturbative approach to find the realization of xˆµ in terms of operators
xµ and pµ from the commutating space, up to the first order in the deformation
parameter aµ. So we write
xˆµ = xµ + δxˆµ(a), (18)
where δxˆµ(a) can be constructed from xµ, pµ and aµ as
δxˆµ(a) = αxµ(a · p) + β(x · a)pµ + γ(x · p)aµ, α, β, γ ∈ R (19)
Taking into account that (17) must be satisfied up to the first order in defor-
mation parameter aµ we get the constraint on the real parameters α, β, and
γ
γ − α = 1, β ∈ R. (20)
Now we have to construct the non-commutative momentum operator pˆ, but
we are missing the relation [pˆµ, xˆν ] =?, all we know that in the zeroth order
in aµ Eqn. (5) holds. First let us consider the e = 0 case and postulate
˙ˆxµ(e = 0) ≡ 1m pˆµ, then taking the derivative of (17) with respect to τ gives
[pˆµ, xˆν ] + [xˆµ, pˆν ] = i(aµpˆν − aν pˆµ), (21)
which only fixes the antisymmetric part of [pˆµ, xˆν ]. We can take pˆµ to be
pˆµ = pµ + δpˆµ(a), (22)
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and demand that (21) and Jacobi identities between pˆµ, xˆν and xˆρ must be
satisfied up to the first order in a and get the explicit form of δpˆµ(a). This
construction is equivalent to just taking the form of δxˆµ(a) given in (19) and
substitute x with p (which is also equivalent with p˙µ = 0) and then we get
pˆµ = pµ + (α+ β)(a · p)pµ + γaµp2. (23)
Now we have
[pˆµ, pˆν ] = 0, (24)
Using (23) we have
[pˆµ, xˆν ] = iηµν(1+ s(a · p))+ i(s+2)aµpν + i(s+1)aνpµ, s = 2α+β. (25)
We are considering e = 0 case, so there is no difference between canonical and
kinetic momentum. Analogous to commutative space we have the Newton-like
equation
Fˆµ(e = 0) ≡ Gˆµ = dpˆµ
dτ
. (26)
Taking the derivative with respect to τ of Eqn. (25) we get
[Gˆµ, xˆν ] = iηµνs(a ·G) + i(s+ 2)aµGν + i(s+ 1)aνGµ, (27)
where we used (24), and the fact that all equations from Section 2. hold up to
the zeroth order in a. We want to find Gˆµ, but we can not simply integrate
(27). The force Gˆµ can be written as
Gˆµ = Gµ(x) + δGˆµ(a), (28)
and combining (27) and (28) we can get an equation for δGˆµ(a)
[δGˆµ(a), xˆν ] = i
∂δGˆµ(a)
∂pν
= −[Gµ, xˆν ] + iηµνs(a ·G) + i(s+ 2)aµGν + i(s+ 1)aνGµ,
(29)
which can be easily integrated over pν . Before writing Gˆµ explicitly, it is con-
venient to find an operator that commutes with xˆµ. We find an operator yˆµ so
that
[xˆµ, yˆν ] = 0, yˆµ = xµ + γxµ(a · p) + (γ − 1)(x · p)aµ + β(x · a)pµ, (30)
and define f(yˆ) as
f(yˆ) = f(x) + γ(x · ∂f
∂x
)(a · p) + (γ − 1)(a · ∂f
∂x
)(x · p) + β(a · x)(∂f
∂x
· p), (31)
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so that
[f(yˆ), xˆµ] = 0. (32)
Finally we can write the operator for the force in the non-commutating space
when e = 0 as
Fˆµ(e = 0) = Gµ(yˆ) + s(a ·G)pµ + (s+ 2)aµ(G · p) + (s+ 1)Gµ(a · p), (33)
that is
Fˆµ(e = 0) = Gµ(yˆ)+ms(a ·G)x˙µ+m(s+2)aµ(G · x˙)+m(s+1)Gµ(a · x˙). (34)
From the above, we see that a neutral particle with mass m, moving in a κ-
deformed Minkowski space-time can be interpreted as moving in an ‘electro-
magnetic’-like background that couples proportionally to the deformation pa-
rameter aµ, because these corrections are linear in x˙.
3.2 e 6= 0 case and corrections to the Lorentz force
In Section 2 we have shown that the minimal coupling principle leads to well
known Lorentz force, so we want to generalize the minimal coupling principle
in a consistent way. If we postulate πˆµ = m ˙ˆxµ and the most simplest way
to introduce gauge field Aµ, as πˆµ = pˆµ − eAµ(xˆ or yˆ), then from the Jacobi
identities and
[πˆµ, xˆν ] + [xˆµ, πˆν ] = i(aµπˆν − aν πˆµ), (35)
we get very restrictive conditions on Aµ. It is better to understand minimal
coupling principle as a way to introduce connection between canonical and ki-
netic momentum through a gauge field in a way that the commutation relations
[πˆµ, xˆν ] and [pˆµ, xˆν ] are the same by form, which is also true in the commutating
case. In correspondence with (25) we write
[πˆµ, xˆν ] = iηµν(1 + s(a · π)) + i(s+ 2)aµπν + i(s+ 1)aνπµ. (36)
We also write πˆµ as πˆµ = πµ + δπˆµ(a) and from (36) we get explicitly
πˆµ = pˆµ − eAµ(yˆ)− e[(s+ 2)(A · p)aµ + s(A · a)pµ + (s+ 1)Aµ(a · p)]. (37)
Taking the derivative with respect to τ of (36) and using Fˆµ =
dpˆiµ
dτ , we get
[Fˆµ, xˆν ] +
1
m
[πˆµ, πˆµ] = iηµνs(a · F ) + i(s+ 2)aµFν + i(s+ 1)aνFµ. (38)
Writing the force as Fˆµ = Fµ + δFˆµ(a), we can get a equation for δFˆµ(a) as
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[δFˆµ(a), xν ] = [xˆν , Fµ]− 1
m
[πˆµ, πˆν ] + iηµνs(a ·F )+ i(s+2)aµFν + i(s+1)aνFµ.
(39)
where Fµ is the force from the commutative space and
[πˆµ, πˆν ] = −ie[Fµν + 2(s+ 1)Fµνa · p+ i(α+ β)a · ∂Fµν
∂x
+ γ(x · ∂Fµν
∂x
)(a · p)
+ (γ − 1)(a · ∂Fµν
∂x
)(x · p) + β(a · x)(∂Fµν
∂x
· p) + saα(Fανpµ − Fαµpν)
+ (s+ 2)(aµFαν − aνFαµ)pα + iγ(aµ ∂
2Aν
∂xα∂xα
− aν ∂
2Aµ
∂xα∂xα
)]
+ ie2[(s+ 2)Aα(aµ
∂Aν
∂xα
− aν ∂Aµ
∂xα
) + s(a · A)Fµν
+ (s+ 1)aα(Aµ
∂Aν
∂xα
−Aν ∂Aµ
∂xα
)− ∂Aν
∂xα
∂Aµ
∂xβ
(xαaβ − aαxβ)].
(40)
R.H.S. of equation (39) can be explicitly calculated and the L.H.S is
[δFˆµ(a), xν ] = i
∂(δFˆµ(a))
∂pν
, (41)
so we can integrate (39) over pν . After tedious calculation and expressing ev-
erything in terms of ˙ˆxµ we get
Fˆµ = Gˆµ + eFµν(yˆ) ˙ˆx
ν + eF˜µν ˙ˆx
ν −mΓµνλ ˙ˆxν ˙ˆxλ +O(a · e2) +O(a2), (42)
where Gˆµ = Fˆµ(e = 0) is defined in (33), Fµν(yˆ) is defined like (31), that is
Fµν(yˆ) = Fµν(x)+γ(x · ∂Fµν
∂x
)(a ·p)+(γ−1)(a · ∂Fµν
∂x
)(x ·p)+β(a ·x)(∂Fµν
∂x
·p),
(43)
and the remaining two terms are
F˜µν = i[(α+ β)a · ∂Fµν
∂x
− γ(aµ ∂
2Aν
∂xα∂xα
− aν ∂
2Aµ
∂xα∂xα
)],
Γµνλ = e[(α+ β)Fµνaλ + (γ + β)Fµρa
ρηλν − sFρνaρηµλ − (3γ − 2β − 1)Fµνaλ].
(44)
Terms proportional to x˙ can be interpreted as a correction to the Lorentz force
due to the background electromagnetic field, and those proportional to x˙2 as
quasi-gravitational effects caused by the background curvature induced by the
non-commutativity of space-time. Both effects are proportional to eaµ.
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3.3 κ-deformed Maxwell equations
In our approach all the Jacobi identities using πˆ, pˆ and xˆ are satisfied by con-
struction up to the first order in the deformation parameter a. Formally the
Jacobi identity
[πˆµ, [πˆν , πˆρ]] + [πˆν , [πˆρ, πˆµ]] + [πˆρ, [πˆµ, πˆν ]] = 0, (45)
leads to
∂µFˆνρ+∂νFˆρµ+∂ρFˆµν = i([δπˆµ(a), Fνρ]−e[Aµ, δFˆνρ(a)]+cyclic(µ, ν, ρ)), (46)
where
[πˆµ, πˆν ] ≡ −ieFˆµν = −ieFµν(x)− ieδFˆµν(a), (47)
is given in (40), so we see that Fˆµν is expressed in terms of operators from
the commutative space. This is the κ-deformed analogue of the homogeneous
Maxwell equation. The R.H.S of (46) can be explicitly calculated in terms
of commutative variables and fields ~E and ~B, that satisfy the usual Maxwell
equations. From
[πˆν , [πˆµ, [πˆ
µ, πˆν ]]] = 0, (48)
and by defining
[πˆµ, [πˆ
µ, πˆν ]] = ejˆν , (49)
we have
[πˆµ, jˆ
µ] = 0, (50)
so that jˆ is a conserved current and we formally have
∂µFˆ
µν = jˆν + i[δπˆµ(a), F
µν ]− ie[Aµ, δFˆµν(a)] +O(a2). (51)
This is the κ-deformed analogue of the inhomogeneous Maxwell equation. R.H.S
in (51) can also be explicitly calculated.
Now we study the κ-deformed space-time where aµ = (a0,~0), that is a0 ≡
a = κ−1 and ai = 0. We define
Fˆ0i = −Eˆi, F0i = −Ei,
Fˆij = −ǫijkBˆk, Fij = −ǫijkBk.
(52)
Note that Fˆµν , Eˆi and Bˆi are functions of commutative operators x and p (see
(40)) . Now we can rewrite the R.H.S of (46) and (51) in terms of commutative
electric and magnetic field and get
~∇ · ~ˆB = a(α + β) ~˙B · ~p− ae( ~DB · ~B + s ~E · ~B), (53)
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~∇× ~ˆE + ∂
~ˆB
∂t
=− a[(α+ β)( ~˙Bp0 − ~˙E × ~p) + γ(p · ∂
~B
∂x
+
∂ ~B
∂x
· p)]
+ ae[~E × ~E +DB ~B − (s+ 2)Bi~∇Ai],
(54)
~∇ · ~ˆE = ρˆ− a(α+ β)(p0 ~∇ · ~E − ~˙E · ~p) + ae( ~DE · ~E − (s+ 2) ~B2), (55)
~∇× ~ˆB − ∂
~ˆE
∂t
= ~ˆj + a[(α+ β)(p0 ~˙E + ~˙Ep0 − p0~∇× ~B − ~˙B × ~p) + γ(p · ∂
~E
∂x
+
∂ ~E
∂x
· p)]
− ae(~B × ~B +DE ~E + (s+ 2) ~B × ~E + sEi~∇Ai).
(56)
These equations represent the κ-deformed set of Maxwell equations. The oper-
ators ~DB, ~DE, DB, DE , ~B× and ~E× are given as follows
DB = (~r · ~∇)φ ∂
∂t
− φ˙(~r · ~∇) + (2s+ 3)φ ∂
∂t
− 2(s+ 1)φ˙+ (s+ 2)( ~A · ~∇) + (s+ 2)(~∇ · ~A),
DE = DB + sφ
∂
∂t
− 2(s+ 1)φ˙− 2(s+ 1)(~∇ · ~A),
~DB = (~r · ~∇) ~A ∂
∂t
− ~˙A(~r · ~∇) + (s+ 1) ~A ∂
∂t
− 2(s+ 1) ~˙A,
~DE = − ~DB + sφ~∇+ 2(s+ 1) ~˙A,
~B× = (~r · ~∇) ~A× ∂
∂t
− ~˙A× (~r · ~∇)− sφ~∇×+(s+ 1) ~A× ∂
∂t
− (3s+ 4) ~˙A×,
~E× = −~B ×−sφ~∇× .
(57)
3.4 Natural realization
We see that all the corrections to commutative electrodynamics depend on the
realization of operator xˆµ
xˆµ = xµ + αxµ(a · p) + β(x · a)pµ + γ(x · p)aµ, (58)
that is on the parameters α, β and γ. We are going to investigate the so called
natural realization [28]. The most easiest way to get the natural realization is
to demand that (58) is hermitian, that is xˆ† = xˆ and put γ = 0, then we get
α = −1, and β = 1, and for operator xˆ in natural realization we have
xˆnatµ = xµ[1− (a · p)] + (x · a)pµ. (59)
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The parameter s becomes snat = −1. For the complex operators given in (57)
in natural realization we get
~DB = (~r · ~∇) ~A ∂
∂t
− ~˙A(~r · ~∇),
~DE = − ~DB − φ~∇,
DB = (~r · ~∇)φ ∂
∂t
− φ˙(~r · ~∇) + φ ∂
∂t
+ ( ~A · ~∇) + (~∇ · ~A),
DE = DB − φ ∂
∂t
,
~E× = ~˙A(~r · ~∇)− (~r · ~∇) ~A× ∂
∂t
+ ~˙A×,
~B× = −~E ×+φ~∇× .
(60)
And for the κ-deformed Maxwell equations in the natural realization we finally
have
~∇ · ~ˆB = −ae( ~DB · ~B − ~E · ~B),
~∇× ~ˆE + ∂
~ˆB
∂t
= ae(~E × ~E +DB ~B −Bi~∇Ai),
~∇ · ~ˆE = ρˆ+ ae( ~DE · ~E − ~B2),
~∇× ~ˆB − ∂
~ˆE
∂t
= ~ˆj − ae(~B × ~B +DE ~E + ~B × ~E − Ei ~∇Ai).
(61)
For the the force operator we have
Fˆnatµ = Gˆ
nat
µ + eF
nat
µν (yˆ)
˙ˆxν −mΓnatµνλx˙ν x˙λ, (62)
where
F˜natµν =0,
Γnatµνλ =ae(−Fµ0ηλν + F0νηµλ + 3Fµνδ0λ),
Fnatµν (yˆ) =Fµν + at(
∂Fµν
∂x
· p)− aF˙µν(x · p),
Gˆnatµ =Gµ(yˆ)− amG0x˙µ + am(G · x˙)δ0µ.
(63)
Note (see Eqn.62) that the force depends not only on the charge of the particle,
but on its mass also. This mass depends vanishes in the limit of a→ 0.
4 Conclusion
In this paper, we have constructed force equation and Maxwell’s equation on
κ-deformed space-time. For this construction, we have generalized a variation
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of Feynman’s approach [24] to κ-deformed non-commutative space-time. This
approach also starts with the same assumptions as in Feynman’s approach [22,
23], and used the notion of canonical conjugate momenta and their commutators
(or Poisson brackets) with coordinates. Then as in the Feynman’s approach, by
repeated use of Jacobi identity, force equation and Maxwell’s equations are
derived. The main differences in this approach are the use of minimal coupling
prescription for the gauge field, and the existence of a classical limit. This
approach [24, 22, 23] allows us to take the classical limit which is obtained by
replacing (i~)−1[ ] with { }PB.
We have obtained the κ-dependent modification to the Newtons force equa-
tion in subsection. 3.1. Then, we introduce the gauge field in subsection 3.2, and
derive the Lorentz force equation as well as Maxwell’s equations, in the κ-space-
time. The additional contributions due to κ-deformation of space-time to the
force equation that are linear in x˙ can be interpreted as due to a background
electromagnetic field and those proportional to x˙2 as a induced curvature of
space-time. This is in similar spirit as the induced gravity in Moyal space-time
considered in [29]. Here, these corrections are obtained up to first order in the
deformation parameter. This change in the Lorentz force equation will affect
the trajectories of charged particles in external electromagnetic fields. This can
lead to possible, observable effects in the beams of high energy accelerators. It is
clear that this effects would violate Lorentz symmetry and modify the dispersion
relations. This aspects are in detail investigated in [17].
The κ-dependent corrections to force equation and Maxwell’s equations
changes with the choice of realization of non-commutative coordinates we use.
We have investigated this modification for natural realization [28] in subsection.
3.4. This realization is hermitian and has the property that the corresponding
momentum transforms as a 4-vector under Lorentz algebra.
The κ-deformed Maxwell equations obtained here are complicated, even in
the natural realization. With further simplifying assumptions, they can be
compared easily with what we know in the commutative case. For the static case,
with ρˆ, E, and φ set to zero we get the equations for κ-deformed magnetostatic.
They are
~∇ · ~ˆB = 0
~∇× ~ˆB = ~ˆj
(64)
In electrostatic limit there are additional terms. The framework employed here
to derive the force equation and Maxwell’s equations, allow us to replace the
(quantum) commutators with corresponding Poisson brackets to get the classical
result [24, 22, 23]. Thus by substituting commutator with Poisson bracket,
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that is 1i~ [, ] → {, } and all the operators go to c-number functions. Now the
parameter τ becomes proper time of a particle.
In this classical limit we calculate the corrections to the classical Coulomb
force between two test particles of charge e at rest separated at a distance r in
the κ-deformed non-commutative space time. Since, we consider non relativistic
case, we get dτdt = 1. By setting x˙i = 0 and with vanishing Gµ, B,A and
E = e4pir2 in (62), we get
Fˆ =
e2
4πr2
(1− 2am) (65)
Thus we see that the Coulomb law does not change the form. The effect of
non-commutativity can be interpreted as change in the charge of the particle
e → e(1− 2am) 12 . This shows that the electrodynamics depends on the mass
of the particle as well as its charge. Same feature was shown in [21] also.
Next, we consider the case of a particle of mass m and charge e, moving in
a constant external electric field E, with a velocity ~v. From Eqn.(62), we find
~ˆF = e ~E(γ − am(2γ2 + ~v2))− aem( ~E · ~v)~v
= γe ~E − ame~E(2γ2 + ~v2)− aem( ~E · ~v)~v,
(66)
where γ = (1− ~v2)1/2. With further choice ~E = (E, 0, 0), we get
Fˆ x = eE(γ − am(2γ2 + ~v2))− aem(Evx)vx
Fˆ y = −aem(Evx)vy
Fˆ z = −aem(Evx)vz .
(67)
These can be solved to get
˙ˆy(τ) = y˙(0)e−aeEx(τ)
yˆ(τ) = y˙(0)τ − y˙(0)aeE
∫
dτx(τ) + y(0).
(68)
It is easy to see that zˆ(τ) also obeys the same equation as yˆ(τ), showing the a
dependent modification of yˆ(τ) and zˆ(τ) as deviations from classical trajectories.
This pure noncomutative effect may also put some bounds on the parameter a.
With initial conditions, y˙(0) = z˙(0) = 0, we get a dependent modified equation
¨ˆx = eE/m
1√
1− x˙2 −
2aeE
1− x˙2 − 2aeEx˙
2. (69)
Eqn. (67) shows that the a dependent modification to force equation also de-
pends on the mass of the particle apart from its charge.
We also note that, to the first order in the deformation parameter, there is no
corrections to the Newtons law of gravity. This can be seen by setting x˙i, G0 = 0
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and Gi = −Gm2r2 in Eqn. (34). This is different from what was shown in [19].
In [19], using the Hamiltonian framework, modification to Newton’s second law
due to κ-deformation was derived. The (non-relativistic) Hamiltonian for a free
particle was obtained by taking the appropriate limit of the energy-momentum
relation valid in κ-space-time. Here, up to first order in the deformation pa-
rameter a, the effect of deformation was to modify the mass m → m(1 + am).
Though the 1r potential was also modified (up to first order in a), this term did
not contribute to the force equation. Here also we do see the same feature.
Also, the fact that the force equation was obtained in [19] using the Hamilto-
nian framework different from what we get here raises the question whether the
equations (of motion) obtained here are derivable from a Hamiltonian or a La-
grangian. In the commutative case, the condition for existence of Lagrangian/
Hamiltonian from which equations of motion can be derived had been studied
[30, 31].This problem, in the Moyal space was investigated in [32]. We plan to
study this in the case of κ space-time.
In the Feynman’s approach, due to the non-vanishing commutators between
the coordinates and velocities, the rotation symmetry is broken and it was shown
that by including magnetic angular momentum, this symmetry can be restored
[26]. Inclusion of magnetic monopoles in the Feynman’s approach was also
considered. We plan to address these issues separately. Generalizing the method
adopted here for general relativistic case, where the metric will depend on the
space-time coordinate is of immense interest. This work is in progress and will
be reported elsewhere.
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